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Abstract
Linear stability of self-gravitating baryonic gas clouds that are gravitationally coupled with the background dark matter is
investigated. We generalize further previous work of D. Tsiklauri [Tsiklauri D., 1998, ApJ 507, 226] by considering more
general type of linear perturbations. New analytic general solutions are derived, which under appropriate boundary
conditions will allow obtaining of corresponding dispersion relations. An illustrative example is given. Two novel, distinct
oscillatory modes are found.  2000 Published by Elsevier Science B.V.
PACS: 95.35.1d; 95.30.Lz; 52.35.-g
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1. Introduction dispersion relations. An illustrative example of such
a procedure is given.
Recently, it has been shown by Tsiklauri (1998)
that classical Jeans theory of the stability of self-
gravitating baryonic interstellar gas clouds is sig- 2. The model
nificantly modified by taking into account the pres-
ence of background dark matter which is only Equations that govern dynamics of two self-
gravitationally coupled with the baryonic gas. In that gravitating fluids (a slab of gas and dark matter)
work it has been established that the presence of dark inter-coupled only via gravitational interaction can
matter yields an unavoidable reduction of the Jeans be written in the following way (Tsiklauri, 1998):
length, the Jeans mass and the Jeans time (time-scale
≠riof the collapse via gravitational instability). The aim ]1 =(r V ) 5 0, (1)i i≠tof this paper is to generalize further previous work of
Tsiklauri (1998) by considering more general type of ≠V =Pi i
] ]1 (V ?=)V 5 2=f 2 , (2)linear perturbations. Here we derive new, analytic, i i≠t rigeneral solutions, which under appropriate boundary
giconditions will allow obtaining of corresponding P 5 K r , (3)i i i
Df 5 4pGOr , (4)E-mail address: dtsiklau@iastate.edu (D. Tsiklauri). i
i
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where notation is standard: V , P , r and f denote ion for each separate component in the absence ofi i i
0velocity, pressure, mass density and gravitational the other. Also, we have introduced a 5 4pGr /G G
2 0 2potential of the fluids. The subscript i 5 G,D denotes C and a 5 4pGr /C .sG D D sD
two components, baryonic gas and dark matter A general solution of the Eqs. (5)–(7) can be
respectively. Now, writing every physical quantity, readily found. Hereafter we consider only symmetric
9 9for brevity commonly denoted by f(x,z), in a form of modes dP /dz 5 dP /dz 5 0 at z 5 0 (however, thisG D
0f(x,z) 5 f 1 f 9(z)exp[i(vt 2 kx)] and doing usual is not essential except for purposes of simplifying the
linearization of the Eqs. (1)–(4) we can obtain expressions). There are two distinct, general solu-
following a set of coupled differential equations for tions of the Eqs. (5)–(7) depending on the sign of
2the perturbations q .2
2For the q . 0 we obtain22 0 029d P 4pGr 4pGrvG G D2]] ]] ]]] ]]]9 91 2 k 1 P 5 2 P ,F G2 2 2 G 2 D 9P 5 A cos(q z) 1 A cos(q z), (11)G 2 2 1 1dz C C CsG sG sD
2 2 2 2(5) q 2 q q 2 q2 G 1 G -]]] ]]]9P 5 A cos(q z) 1 A cos(q z),D 2 2 1 1a a2 0 02 D D9d P 4pGr 4pGrvD D G2]] ]] ]]] ]]]9 91 2 k 1 P 5 2 P ,F G2 2 2 D 2 Gdz C C CsD sD sG (12)
(6)
f9 5 Ccosh(kz)2 9 9P Pd f9 G D2
2 2]] ]] ]]2 k f9 5 4pG 1 . (7)2 S 2 2 D q 2 q A2 G 2dz C CsG sD ]]] ]]]2 b 1 b cos(q z)S DG D 2 2 2a k 1 qD 2Here, C and C denote speeds of sound for thesG sD 2 2q 2 q Abaryonic gas and dark matter respectively. Note that 1 G 1
]]] ]]]2 b 1 b cos(q z), (13)S DG D 2 2 1in differently to the results of Tsiklauri (1998) we a k 1 qD 1
allow for amplitude of the perturbation to have
2here we introduced notation b 5 4pG /C andz-dependence. G sG
2
b 5 4pG /C .It is worthwhile to note that Eqs. (5) and (6) D sD
2For the q , 0 we obtainresemble closely to the equations describing coupled 2
pendulums which arise in the non-modal study of ]]29P 5 A cosh( 2 q z) 1 A cos(q z), (14)œG 2 2 1 1linear perturbations in shear flows (cf. Chagelishvili
et al., 1996, 1997). The fundamental (normal) oscil- 2 2
2 q 2 q ]]2 G 2latory modes of the Eqs. (5) and (6) are given by the ]]]]9P 5 A cosh( 2 q z)œD 2 2aDfollowing expression:
2 2q 2 q1 G]]]]]]12 2 2 2 2 2 ]]]1 A cos(q z), (15)1 1]q 5 q 1 q 6 (q 2 q ) 1 4a a , (8)f g aœ6 G D G D G D D2
where f9 5 Ccosh(kz)
02 4pGrv G2 2 2 b]] ]]] Sq 5 2 k 1 , (9) GF GG 2 2C CsG sG
2 2
2 q 2 q A ]]2 G 2 2and ]]]] ]]]1 b cosh( 2 q z)D œD 2 2 2a k 2 qD02 24pGrv D2 2 2 2]] ]]]q 5 2 k 1 , (10)F GD 2 2 q 2 q A1 G 1C CsD sD ]]] ]]]2 b 1 b cos(q z). (16)S DG D 2 2 1a k 1 qD 1are the eigenfrequencies of the system. In fact, Eqs.
(9) and (10) represent classical Jeans stability criter- Note that in the case of presence of the back-
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ground dark matter there are two fundamental (nor- ing boundary conditions: The first boundary con-
mal) modes q (see Eq. (8)). Whereas, in the case dition is that the Lagrangian pressure perturbation is6
with no dark matter there is only one oscillatory zero at the slab boundary, namely that
mode. This is the presence of dark matter that causes 0dPiappearance of a novel unstable mode described by ]]9P 1 j 5 0, (17)i z dzEqs. (14)–(16).
at z 5 a (with a being slab half-thickness), where j
vector is the Lagrangian displacement vector of the
3. An illustrative example perturbation and i 5 D,G. In this case, the displace-
ment is simply related to V 9 by j 5 2 iV 9 /v. Using
0 0 0 0 0 0In this paper we have generalized further previous relation =P 5 2 r =f 5 2 4pGar (r 1 r ) fori i i G D
work of Tsiklauri (1998) by considering more gener- the unperturbed physical quantities, Eq. (17), at z 5
al type of linear perturbations. We have derived a a, reduces to the two following conditions
new analytic general solutions, which under appro-
9Pipriate boundary conditions will allow obtaining of 0 0]5 j 4pG(r 1 r )a. (18)0 z G Dcorresponding dispersion relations. A theoretical r i
treatment of the problem of relevant boundary
The other boundary condition is the one for f9:conditions in the context of shock confined slab of
self-gravitating gas is given in Vishniac (1994), 9df df9e 0 0]] ]]2 5 4pG(r 1 r )j ,while the numerical studies can be found in Hunter G D zdz dz
et al. (1986) and Stevens et al. (1992). See also
9evaluated at z 5 a, where f is the perturbed gravita-Lubow & Pringle (1993) for somewhat controversial e
tional potential in the region uzu . a and is given byboundary conditions where the substitution of pres-
9f 5 f9(a)exp[2k(uzu 2 a)], where it has been as-sure confinement for shock confinement is used. At e
sumed that k . 0. Thus, we obtainany rate, the results of present paper are, at this
stage, independent of the boundary conditions and df9 0 0]]u 5 2 kf9(a) 2 4pG(r 1 r )j . (19)once the relevant boundary conditions are imposed z5a G D zdz
the corresponding dispersion relations may be ob-
2tained. 3.1. The case when q . 02
As an application of our results we consider an
illustrative example: an isothermal, self-gravitating, Applying boundary conditions (18) and (19) to the
2pressure-bounded slab of gas placed in the back- general solutions in the case when q . 0 [Eqs.2
ground dark matter to which it is coupled only (11)–(13)] yields
gravitationally. This astrophysical situation may be
A1relevant for the star forming molecular clouds which ]5 2 [cosh(ka) 1 sinh(ka)]Care presumably immersed in the dark matter which in
D q D qour case is treated as a continuous medium (for 1 1 2 2
]] ]]3 sin(q a) 2 x sin(q a)F 1 2hydrodynamic description to work) which interacts k k
with the ordinary baryonic gas only through gravity.
1 1
Since the exact nature and physical properties of the ]] ]]1 2 D cos(q a) 2 x0 1 1 0S D S
r ak r akG Gdark matter in this universe remains undetermined up
21today, our description of this given astrophysical
2 D cos(q a) . (20)2 2 GDsituation (i.e. description of the dark matter com-
ponent as a continuous medium) seems to be cred-
Here we have introduced following notation:ible.
As our next step towards derivation of the desired 2 2q 2 q 12 Gdispersion relation for linear perturbations, following ]]] ]]]D 5 b 1 b ,S D2 G D 2 2a k 1 qDto Lubow & Pringle (1993), we impose the follow- 2
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2 2q 2 q 1 11 G u]]] ]]] ]]D 5 b 1 b , 2 D cos(q a) 2 xS D1 G D 2 2 1 1 0D Sa k 1 q r akD 1 G
21and ]]u 2
2 D cosh( 2 q a) . (23)2 2 0 Gœ2 2Dcos(q a) [1 2 d(q 2 q ) /a ] r1 1 G D G
]]]]]]]]] ]x 5 , d ; .2 2 0cos(q a) [1 2 d(q 2 q ) /a ] r2 2 G D D Here we have introduced following notation:
Another condition which relates A and C can be1 2 2
2 q 2 q 12 Guobtained using z-component of the Eq. (2) for the ]]]] ]]]D 5 b 1 b ,S D2 G D 2 2aperturbations in baryonic gas and j 5 2 iV 9 /v k 2 qD 2
(Lubow & Pringle, 1993). Doing this yields
and
2A v cos(q a) 2 21 10 cos(q a) [1 2 d(q 2 q ) /a ]] ]]]]]5 r aksinh(ka) 1 1 G DuFG 0 0C ]]]]]]]]]]]]x 5 .4pG(r 1 r ) 2 2G D 2 [1 2 d(2q 2 q ) /a ]cosh( 2 q a) 2 G Dœ 22
xv cos(q a)2
]]]]]2 2 xq a(10 0 2 Again using the condition which relates A and C14pG(r 1 r )G D that is obtained using z-component of the Eq. (2) for
0
2 r D )sin(q a) 1 q a(1 the perturbations in baryonic gas and j 5 2 iV 9 /v,G 2 2 1
21 we get
0
2 r D )sin(q a) . (21)GG 1 1 2A v cos(q a)1 10] ]]]]]5 r aksinh(ka)FG 0 0C 4pG(r 1 r )Now, combining Eqs. (20) and (21) allows us to G D
]]obtain the dispersion relation for the perturbations u 2 2
2 x v cosh( 2 q a) ]]œ 2 u 2for the case when q . 02 ]]]]]]2 1 x 2 q a(1œ0 0 24pG(r 1 r )G Dsinh(ka) 1 cosh(ka)
]]]]] 5 ]]0 u 2sinh(ka) 2 r D )sinh( 2 q a) 1 q a(1œG 2 2 1
1 2 1 2b cos(q a) 1 b cos(q a) 1 b sin(q a) 1 b sin(q a) 211 1 1 2 2 1 2 2
]]]]]]]]]]]]2 ,(22)1 2 1 2 0b cos(q a) 1 b cos(q a) 1 b sin(q a) 1 b sin(q a)3 1 3 2 4 1 4 2 2 r D )sin(q a) . (24)GG 1 1
1 0 2 0where b 5 1 2 D r ak, b 5 2 x(1 2 D r ak),1 1 G 1 2 G
1 0 2 0 1 2 Finally, using Eqs. (23) and (24) we obtain theb 5 D r q a, b 5 2 xD r q a, b 5 v /2 1 G 1 2 2 G 2 3
0 0 2 2 0 0 dispersion relation for the perturbations in the case[4pG(r 1 r )], b 5 2 xv / [4pG(r 1 r )],G D 3 G D
21 0 2 0 when q , 0b 5 q a(1 2 r D ), b 5 2 xq a(1 2 r D ). 24 1 G 1 4 2 G 2
sinh(ka) 1 cosh(ka)23.2. The case when q , 0 ]]]]52 sinh(ka)
] ]
1 2 2 1 2 2b cos(q a) 1 b cosh( 2 q a) 1 b sin(q a) 1 b sinh( 2 q a)We now apply boundary conditions (18) and (19) œ œ1 1 1u 2 2 1 2u 2
]]]]]]]]]]]]]]2 ,]2
1 2 2 1 2 2to the general solutions in the case when q , 0 b cos(q a) 1 b cosh( 2 q a) 1 b sin(q a) 1 b sinh( 2 q a)2 œ œ3 1 3u 2 4 1 4u 2
[Eqs. (14)–(16)]. Thus we obtain (25)
A 2 u u 0 21 where b 5 2 x (1 2 D r ak), b 5]5 2 [cosh(ka) 1 sinh(ka)] 1u 2 G 2u]]C u u 0 2 2 u 2 0 0
x D r 2 q a, b 5 2 x v / [4pG(r 1 r )],œ2 G 2 3u G D]]D q 2 u 2 0 u1 1 b 5 x 2 q a(1 2 r D ).œ]] 4u 2 G 23 sin(q a)F 1k As an illustrative example we have derived two
]] dispersion relations for linear perturbations in au 2D 2 q ]] 1œ2 2u 2 pressure-bounded, self-gravitating gas slab which is]]]] ]]1 x sinh( 2 q a) 1œ 2 0Sk r akG gravitationally coupled with the background dark
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matter. Present analysis revealed that irrespective of tions from stars, gas, and dark matter. DDO 154 is
chosen boundary conditions taking into account the one of most gas-rich systems known, but, more
existence of the putative dark matter yields signifi- importantly, the shape of its rotation curve is com-
cant modification of the linear stability theory, with pletely dominated by the dark matter, even in the
major changes being appearance of two distinct innermost regions (Burkert & Silk, 1997; Carignan
fundamental (normal) oscillatory modes q and the & Beaulieu, 1989; Carignan & Freeman, 1988).6
2 Therefore, galaxies like DDO 154, where gas dy-existence of a new unstable mode when q , 0.2
namics is governed mostly by the dark matterFinally, we would like to note that the results of
gravitational potential, are examples of where thethe present study are of importance to the star
new effects, studied in this paper, would be mostformation process in clouds of inter-stellar gas. A
pronounced. It should be acknowledged at the samestrong evidence exists that the formation of stars
time that for the ordinary spiral galaxies the densityoccurs through the gravitational collapse of interstel-
of dark matter in the galactic disk is too small to belar gas clouds. An important mechanism in triggering
of any significance.the formation of stars and/or stellar clusters is
believed to be a high-velocity (supersonic) cloud-
cloud collisions in which a dense gaseous slab is
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